For a given real number a we define the sequence {E n,a } by E 0,a = 1 and E n,a = −a
Introduction
The famous Euler numbers {E n } are given by E 0 = 1 and
where [x] is the greatest integer not exceeding x. Euler numbers have many properties and applications. See for example [1] [2] [3] [4] [5] [6] . In [7, 8] the first author introduced and studied the similar sequence {U n } given by U 0 = 1 and U n = −2
[n/2] k=1 n 2k U n−2k (n ≥ 1).
In this paper, for a given real number a we define the sequence {E n,a } by E 0,a = 1 and E n,a = −a In Section 2 we deduce some identities and an inversion formula involving {E n,a }. In Sections 3-5 we establish congruences for E 2n,a (mod 2 ord 2 n+8 ), E 2n,a (mod 3 ord 3 n+5 ) and E 2n,a (mod 5 ord 5 n+4 ) provided that a is a nonzero integer, where ord p n is the least nonnegative integer α such that p α | n but p α+1 ∤ n. See Theorems 3.1, 4.1, 4.2 and 5.1.
In addition to the above notation, throughout this paper we use Z and N to denote the set of integers and the set of positive integers, respectively.
Identities involving {E n,a (x)}
Definition 2.1. For any given real number a we define {E n,a } and {E n,a (x)} by E 0,a = 1, E n,a = −a 
Proof. Since
we deduce the first result. To complete the proof, we note that
Corollary 2.1. Let a be a real number. Then
Proof. By Theorem 2.1,
Comparing the coefficients of t n on both sides we deduce the result. Theorem 2.2. For any real number a and positive integer n we have
Comparing the coefficients of x n on both sides yields (i). Using Definition 2.1 and Theorem 2.1 we see that
Thus,
This together with (i) yields (ii). Taking y = 0 in (ii) and applying the fact E 2k−1,a = 0 we deduce (iii). The proof is now complete. 
Proof. Taking x = 0 and then substituting n, y with 2n, x in Theorem 2.2(ii) we obtain
This yields the result. Theorem 2.3. Let a be a real number with a = 0 and n ∈ N. Then
and so
Proof. Taking x = 1 in Corollary 2.2 and then applying (2.1) and the fact that 
Proof. Taking x = 2 in Corollary 2.2 and then applying (2.1) and Theorem 2.3 we deduce the result.
Theorem 2.5. Let a be a real number with a = 0 and n ∈ N. Then
Proof. Taking x = 3 in Corollary 2.2 and then applying Theorems 2.3 and 2.4 we deduce the result. Theorem 2.6. Let a be a real number with a = 0 and n ∈ N. Then
Proof. Taking x = 4 in Corollary 2.2 and then applying Theorems 2.4 and 2.5 we deduce the result.
Theorem 2.7. Let a be a real number. For two sequences {a n } and {b n } we have the following inversion formula:
Proof. Clearly
Thus, using Theorem 2.1 we see that
This proves the theorem. Corollary 2.3. Let a be a real number. For two sequences {a n } and {b n } we have the following inversion formula:
Proof. Taking x = 0 in Theorem 2.7 we derive the result.
Remark 2.2. In the case a = 2, Corollary 2.3 was given by the first author in [7] . Theorem 2.8. Let a be a nonzero real number and n ∈ N. Then
Proof. Taking y = ±i in Theorem 2.2(ii) we find
Observe that
We then have
This yields the result. Corollary 2.4. Let a be a real number with a = 0 and n ∈ N. Then
Proof. Taking x = 0 and replacing n with 2n in Theorem 2.8 we deduce the result. 3. A congruence for E 2n,a (mod 2
Let a be a nonzero integer and n ∈ N. By Theorem 2.3,
Since E 2n,a ∈ Z, we get
From (3.1) and (3.2) we see that
As E 2m,a ∈ Z and 4 k 2k ≡ 0 (mod 2 5 ) for k ≥ 3, from (3.1) we see that for n ≥ 2,
(3.4) Thus,
That is, E 2n,a ≡ 2a
From (3.2), (3.4) and (3.5) we see that for n ≥ 3,
This is also true for n = 2 by (1.2). Thus,
From (3.2), (3.4) and (3.6) we see that for n ≥ 3,
2 )n (mod 32).
As
we obtain
From (3.1) we see that for n ≥ 4,
where
(3.9) Thus, using (3.2)-(3.8) we see that for n ≥ 4,
2 )n (mod 64).
2 )n (mod 64) for n ≥ 4.
(3.10) As
and
using (3.8) we deduce that
Theorem 3.1. Let a be a nonzero integer, n ∈ N and n ≥ 5. Then
Proof. Set α = ord 2 n. Let S 1 , S 2 , S 3 and S 4 be given by (3.9). Since
we see that
Now combining the above with (3.8) yields the result. Corollary 3.1. Let a be a nonzero integer and n ∈ N with n ≥ 5.
+ (62a 3 − 116a − 56a 2 + 88)n (mod 2 ord 2 n+8 ). Since E 2n,a ∈ Z and 2 2n = (1 + 3) n ≡ 1 + 3n (mod 9), using (4.1)we see that for n ≥ 2, E 2n,a ≡ 1 2(1 − 3a) ((1 + 3n)a 2 + 2a 2 − 2a)
≡ −4(1 + 3a)(3a 2 − 2a + 3na 2 ) ≡ 3a 2 − a − 3a 2 n (mod 9). (4.2) Theorem 4.1. Let a be a nonzero integer with 3 | a, n ∈ N and n ≥ 2. Then E 2n,a ≡ 2a 3a − 2 + 9a 2 n 3 + 9a 2 n 2 − 3a 2 n (mod 3 ord 3 n+5 ).
Proof. It is clear that Now, from (5.2) and the above we deduce the result.
